10. When a system vibrates in a fluid medium, the damping is

(a) viscous (b) Coulomb (c) sohd
11. When parts of a vibrating system slide on a dry surface, the damping is
(a) viscous (b) Coulomb (c) sold

12. When the stress-strain curve of the material of a vibrating system exhibits a hysteresis
loop, the damping is
(a) viscous (b) Coulomb (¢) sohd

A7 Determine the equivalent spring constant of the system shown in Fig. 1.67.

FIGURE 1.67 Springs in

series-parallel.
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1.9 In Fig. 1.69, find the equivalent spring constant of the system in the direction of 6.

Egu(vaulence of PO‘&Ehtf@l energies gives ,
2 2 Z 2
—2‘— kti 62'+‘k ‘K,:ze +‘2L 'ki(e .Q1> +%1<2(92|> +“i k3(622> =_2’T1<eze

z 2 P
‘ kg + Koz + K i+ R4+ K 4

- K =
eﬁ I

1.10 Find the equivalent torsional spring constant of the system shown in Fig. 1.70. Assume that
ki, ks, k3, and k4 are torsional and k5 and kg are linear spring constants.

¥ 3 o, K and %3 =
*op5 = T BENES sPrmlgs ‘LI— 2 il s
! 1, L ) _
% = %<, + Kz i ks K123 e dq + Kp Tz + PN
123 _
Using €nergy eau{vmlehce,

3 2 o2 2 0 2
é ke?/ez= Jiklfe +J2_k|23e +-!2:1<5<9R> -+ 21(6 (QR)

z 2
-(. 'ke%-: k‘f+ kIZB + R 'k; + R ke

<, *, 13 2
=t + : >+ Ri(ks + Kg)
’+ \klkz+ Ko k3 + K3 K (

FIGURE 1.70



1.18 The static equilibrium position of a massless rigid bar, hinged at point O and connected with
springs &, and &, is shown in Fig. 1.74. Assuming that the displacement (x) resulting from
the application of a force F at point A is small, find the equivalent spring constant of the sys-
tem, k,, that relates the applied force F to the displacement xas F = k x

ky = 2k

0
£

7777
k2 = k [
D
{ { {

FIGURE 1.74 Rigid bar connected by springs.
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F(d)- Fa (4D —F (%) =0
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1.20 Figure 1.76 shows a uniform rigid bar of mass m that is pivoted at point & and connected by
springs of stiffnesses 4, and k5. Considering a small angular displacement € of the rigid bar

about the point @, determine the equivalent spring constant associated with the restoring
moment.

FIGURE 1.76 Rigid bar connected by

springs.



1.26 Find the equivalent spring constant of the system shown in Fig. 1.82.

k
Z m k
2 k ,m\_
) Lo
7
7 e
Z
Z k
24— o000 —oooo 00—
7 k k

FIGURE 1.82 Springs connected in series-parallel



1.27 Figure 1.83 shows a three-stepped shaft fixed at one end and subjgcted to a torsional moment
T at the other end. The length of step i i1s /; and its diameter is D;, i = 1, 2, 3. All the steps are
made of the same material with shear modulus G; = G,i =1, 2, 3.

a. Find the torsional spring constant (or stiffness) k, of step i (i =1, 2, 3).

b. Find the equivalent torsional spring constant (or stiffness) of the stepped shaft, k,cq, so that
T =k 0.
¢. Indicate whether the steps behave as series or parallel torsional springs.

N

£ l; D 1
/—'_ ; S 7 A ’ <3 I -
7 | Y
7 6
%

T
R S —><—[2—>~<—l3—><

FIGURE 1.83 A stepped shaft subjected to torsional
moment.



1.31 Derive the expression for the equivalent spring constant that relates the applied force F to the
resulting displacement x of the system shown in Fig. 1.86. Assume the displacement of the

link to be small.

s St
ky= 3k Foox

3=

FIGURE 1.86 Rigid bar connected by springs.



1.51 Two masses, having mass moments of inertia J; and J,, are placed on rotating rigid shafts
that are connected by gears, as shown in Fig. 1.98. If the numbers of teeth on gears 1 and 2
are n; and n,, respectively, find the equivalent mass moment of inertia corresponding to 6.

Gearl, ny J1

6y
_ R_igid : _ g_
haf
E—— —
e \ 6,

Gear 2, n,

7T

FIGURE 1.98 Rotational masses on geared shafts.



1.53 Find the equivalent mass of the system shown in Fig. 1.100.

Sphere, mass w1,

\NANNNNNNNNY
b
b
&

Bell crank lever,
mass moment of
inertia Jy

x(2)

FIGURE 1.100



I Equivalent £ of a Suspension System
EXAMPLE 1.5

Figure 1.29 shows the suspension system of a freight truck with a parallel-spring arrangement. Find
the equivalent spring constant of the suspension if each of the three helical springs is made of steel
with a shear modulus G = 80 X 10° N/m? and has five effective turms, mean coil diameter
D = 20 cm, and wire diameter d = 2 cm.

FIGURE 1.29 Parallel arrangement of springs in a freight truck. (Courtesy of Buckeye Steel
Castings Company.)



I Torsional Spring Constant of a Propeller Shaft
EXAMPLE 1.6

Determine the torsional spring constant of the steel propeller shaft shown in Fig. 1.30.

7
4 : :
preepegepeend 8 ¥
—éb—-' i-0‘2m-—0—-. 025m .8 4 L. -
1 T 1_ o2 I I v 3
ER s
|
T
<<t 1A 2m oLt B 3m

FIGURE 1.30 Propeller shaft.



I quivalent Mass of a System
EXAMPLE 1.11

Find the equivalent mass of the system shown in Fig. 1.38, where the rigid link 1 is attached to the
pulley and rotates with it.

ﬁ—»x(t)

Pulley, mass moment of

A : N\
mertia J
! . o E
N rP [@®) @) kl
. of = 7
Rigid link 1 (mass #), s \

rotates with pulley
about O T I

Cylinder, mass m,

s} T

Rigid link 2 (mass 1)

FIGURE 1.38 System considered for finding equivalent mass.



I Cam-Follower Mechanism
EXAMPLE 1.12

A cam-follower mechanism (Fig. 1.39) is used to convert the rotary motion of a shaft into the oscil-
lating or reciprocating motion of a valve. The follower system consists of a pushrod of mass m, a
rocker arm of mass m,, and mass moment of inertia J, about its C.G., a valve of mass m,, and a valve
spring of negligible mass [1.28—1.30]. Find the equivalent mass (m.q) of this cam-follower system
by assuming the location of m.q as (i) point A and (i1) point C.

il

LB l Rocker arm

T 6, {mass moment of inertia, .J,)
22 e B
— (e -

A

!
Pushrod

(mass #71,,)

|

spring

) Valve
Roller (mass r2,)
follower

Cam

Shaft

FIGURE 1.39 Cam-follower system.



EXAMPLE 2.1

a.
b.
i

reinforced concrete as 4 X 10° psi, determine the following:
the natural frequency and the natural time period of transverse vibration of the water tank.

the vibration response of the water tank due to an initial transverse displacement of 10 in.

x(1)

the maximum values of the velocity and acceleration experienced by the water tank.

The column of the water tank shown in Fig. 2.10(a) is 300 ft high and is made of reinforced concrete

I [Harmonic Response of a Water Tank
with a tubular cross section of inner diameter 8 ft and outer diameter 10 ft. The tank weighs 6 X 10> Ib
when filled with water. By neglecting the mass of the column and assuming the Young’s modulus of

(b)

FIGURE 2.10 Elevated tank. (Photo courtesy of West Lafayette Water Company.)



I [ree-Vibration Response Due to Impact
EXAMPLE 2.2

A cantilever beam carries a mass M at the free end as shown in Fig. 2.11(a). A mass m falls from a

height A& onto the mass M and adheres to it without rebounding. Determine the resulting transverse
vibration of the beam.

T

h
Young's modulus, £
Moment of inertia, /
) = VI
TN 2gh
/ M ¥y | M Yo 1 %
= _1E
< ! s [ g k m
% zZ—-—1—- zZ| M
3EI
=%
k

(@) () (©

YY = static equilibrium position of M
ZZ = static equilibrium position of M + m

FIGURE 2.11 Response due to impact.



I Young’s Modulus from Natural Frequency Measurement
EXAMPLE 2.3

A simply supported beam of square cross section 5 mm X 5 mmand length1 m, carrying a mass of
2.3 kg at the middle, is found to have a natural frequency of transverse vibration of 30 rad/s. Deter-
mine the Young’s modulus of elasticity of the beam.




I Natural Frequency of Cockpit of a Firetruck
EXAMPLE 2.4

The cockpit of a firetruck is located at the end of a telescoping boom, as shown in Fig. 2.12(a). The
cockpit, along with the fireman, weighs 2000 N. Find the cockpit’s natural frequency of vibration in
the vertical direction.

Data: Young’s modulus of the material: £ = 2.1 X 10" N/mz; lengths: {, =/ = 3 = 3 m; cross-

sectional areas: A, = 20 ecm?, A, = 10 em?, A3 = 5 em?

FIGURE 2.12 Telescoping boom of a fire truck.



I R esponse of Anvil of a Forging Hammer

EXAMPLE 2.10

The anvil of a forging hammer weighs 5,000 N and is mounted on a foundation that has a stiffness of
5 X 10° N/m and a viscous damping constant of 10,000 N-s/m. During a particular forging opera-
tion, the tup (i.e., the falling weight or the hammer), weighing 1,000 N, is made to fall from a height
of 2 m onto the anvil (Fig. 2.29(a)). If the anvil is at rest before impact by the tup, determine the
response of the anvil after the impact. Assume that the coefficient of restitution between the anvil and
the tup is 0.4.

N

Y1 Y2

L by
S Eamey
(a)

(b)

j EIpE N

FIGURE 2.29 Forging hammer.



I Shock Absorber for a Motorcycle

EXAMPLE 2.11

An underdamped shock absorber is to be designed for a motorcycle of mass 200 kg (Fig. 2.30(a)).
When the shock absorber is subjected to an initial vertical velocity due to a road bump, the resulting
displacement-time curve is to be as indicated in Fig. 2.30(b). Find the necessary stiffness and damp-
ing constants of the shock absorber if the damped period of vibration is to be 2 s and the amplitude
x; 18 to be reduced to one-fourth in one half cycle (i.e., x| 5 = x,/4). Also find the minimum initial
velocity that leads to a maximum displacement of 250 mm.

Approach: We use the equation for the logarithmic decrement in terms of the damping ratio, equation
for the damped period of vibration, time corresponding to maximum displacement for an underdamped
system, and envelope passing through the maximum points of an underdamped system.

x()

{(a) (b)

FIGURE 2.30  Shock absorber of a motorcycle.



~ v pe

I Cocfficient of Friction from Measured Positions of Mass
EXAMPLE 2.14

A metal block, placed on a rough surface, is attached to a spring and is given an initial displacement
of 10 cm from its equilibrium position. After five cycles of oscillation in 2 s, the final position of the
metal block is found to be 1 cm from its equilibrium position. Find the coefficient of friction between
the surface and the metal block.



I Pylley Subjected to Coulomb Damping
EXAMPLE 2.15

A steel shaft of length 1 m and diameter 50 mm is fixed at one end and carries a pulley of mass moment
of inertia 25 kg- m? at the other end. A band brake exerts a constant frictional torque of 400 N-m around
the circumference of the pulley. If the pulley is displaced by 6° and released, determine (1) the number
of cycles before the pulley comes to rest and (2) the final settling position of the pulley.




2.13 Find the natural frequency of the pulley system shown in Fig. 2.56 by neglecting the friction
and the masses of the pulleys.

FIGURE 2.56



2.45-2.46 Draw the free-body diagram and derive the equation of motion using Newton’s second law of
motion for each of the systems shown in Figs. 2.85 and 2.86.

Pulley, mass
moment of
inertia J,

x(%)

FIGURE 2.85



2.45-2.46 Draw the free-body diagram and derive the equation of motion using Newton’s second law of
motion for each of the systems shown in Figs. 2.85 and 2.86.

2r

ZE ()

FIGURE 2.86



2.76 Find the equation of motion of the uniform rigid bar OA of length / and mass m shown in Fig.
2.98. Also find its natural frequency.

Torsional N Linear
spring spring

FIGURE 2.98



2.78 Derive the equation of motion of the system shown in Fig. 2.100, using the following meth-
ods: (a) Newton’s second law of motion, (b) D’ Alembert’s principle, and (c) principle of vir-

tual work.
Uniform rigid
bar, mass m
3k k
N\ ,/19/
(¢ — Lo~ -—L-

AP

FIGURE 2.100



2.112-2.114 Derive the equation of motion and find the natural frequency of vibration of each of the sys-
tems shown in Figs. 2110 to 2.112.

x(t)

~Cylinder, mass =
L)
I
P
T, 7

Pure rolling

FIGURE 2.110



2.112-2.114 Derive the equation of motion and find the natural frequency of vibration of each of the sys-
tems shown in Figs. 2110 to 2.112.

FIGURE 2.111



2.112-2.114 Derive the equation of motion and find the natural frequency of vibration of each of the sys-

tems shown in Figs. 2110 to 2.112. 5
Uniform
rigid bar,
3k mass m

FIGURE 2.112



2.119 The system shown in Fig. 2.113 has a natural frequency of 5 Hz for the following data:
m =10kg Jy = 5Skg-m% r, = 10cm, r, = 25 cm. When the system is disturbed by giv-
ing it an initial displacement, the amplitude of free vibration is reduced by 80 percent in 10
cycles. Determine the values of k£ and c.

a0
|

k
4!
O
» )12
Pulley,
mass moment of inertia Jy
e
77777

FIGURE 2.113



I Total Response of a System
EXAMPLE 3.3

Find the total response of a single-degree-of-freedom system with m = 10 kg, ¢ = 20 N-s/m,
k = 4000 N/m, x; = 0.01 m, and x5 = O under the following conditions:

a. Anexternal force F(#) = F;cos @ ¢ acts on the system with Fy = 100 N and @ = 10 rad/s.
b. Free vibration with F(¢) = 0.

Solution:

a. From the given data, we obtain

[k 14000
w, = |— = ,/—— = 20radss
m 10

_fo_ 100

=% Tagop 0B m

20
{== = 0.05

C
Cc  2Vkm  2V/(4000)(10)
wg = V1 — 0, = V1 — (0.05%(20) =19.974984 rad/s

) 10

% = &, =3 0.5
0, 0.025

X = d = =0.03326m (E.1)

V{1 =A%+ (22702 (1 - 0052 + (2-05-0.5)2]/?

2 2-0.05-0.5
¢ = tan! ( & ) = tan"! (—) = 3.814075° (E.2)
1 -2 1 —05%

Using the initial conditions, x5 = 0.01 and x5 = 0, Eq. (3.36) yields:
0.01 = X;cos ¢y + (0.03326)(0.997785)

or
Xp cos ¢pg = —0.023186 (E.3)
0 = —(0.05)(20) Xgycos ¢y + X(19.974984) sin ¢y + (0.03326)(10) sin(3.814075°) (E.4)

Substituting the value of X cos ¢ from Eq. (E.3) into (E.4), we obtain

X, sin ¢pp = — 0.002268 (E.5)
Solution of Eqgs. (E.3) and (E.5) yields
Xo = [(Xo cos o) + (Xo sin ¢)2]'/? = 0.023297 (E.6)
and .
tan ¢y = % = 0.0978176
or
bo = 5.586765° (B.7)

b. For free vibration, the total response is given by
x(2) = Xpe ¢ cos (wat — dg) (E.8)

Using the initial conditions x(0) = xg = 0.01 and x(0) = x5 = 0, X and ¢ of Eq. (E.8) can
be determined as (see Eqs. 2.73 and 2.75):

xo = | 22 4 (Eero Y 12 _ | g2 4 (©:05-20-0.01 ¥ 1/2—0010012 (E.9)
[l =g - e 19.974984 - '

it [0 TG Y ey 00520 N s (E.10)
Pl T @y Xo SR 19.974984 } ~  ~ ;

Note that the constants X and ¢ in cases (a) and (b) are very different.



I \chicle Moving on a Rough Road
EXAMPLE 3.4

Figure 3.18 shows a simple model of a motor vehicle that can vibrate in the vertical direction while
traveling over a rough road. The vehicle has a mass of 1200 kg. The suspension system has a spring
constant of 400 kN/m and a damping ratio of { = 0.5. If the vehicle speed is 20 km/hr, determine the
displacement amplitude of the vehicle. The road surface varies sinusoidally with an amplitude of
Y = 0.05 m and a wavelength of 6 m.

Road surface

W W)=Y sinet

(b)
FIGURE 3.18 Vehicle moving over a rough road.

Solution: The frequency w of the base excitation can be found by dividing the vehicle speed v km/hr
by the length of one cycle of road roughness:

S
3600 = U. v raq/s

=27f =2
® wf W( 5

For v = 20 km/hr, @ = 5.81778 rad/s. The natural frequency of the vehicle is given by

K (400 X 10°

G e T

1/2
= 18.2574 rad/s
m

and hence the frequency ratio r is

© 581778
=2 =227 _ 5318653
"7 @, 182574

The amplitude ratio can be found from Eq. (3.68):

X { 1 4+ (22r)2 }1/2 B { 1 + (2 X 0.5 X 0.318653) 2 }1/2
¥ (1 — r)?2 + (22r)? (1 — 0.318653)% + (2 X 0.5 X 0.318653)2

= 1.100964
Thus the displacement amplitude of the vehicle is given by
X = 1.100964Y = 1.100964(0.05) = 0.055048 m
This indicates that a 5-cm bump in the road is transmitted as a 5.5-cm bump to the chassis and the

passengers of the car. Thus in the present case the passengers feel an amplified motion (see Problem
3.1 07 for other situations).



I Machine on Resilient Foundation

EXAMPLE 3.5

tion at the undamped natural frequency of the system with an amplitude of 0.25 cm. Find

a. the damping constant of the foundation,
b. the dynamic force amplitude on the base, and
¢. the amplitude of the displacement of the machine relative to the base.

Solution:

a.

c.

The stiffness of the foundation can be found from its static deflection: & = weight of
machine/ 8y = 3000/0.075 = 40,000 N/m.

At resonance (@ = w, orr = 1), Eq. (3.68) gives
1/2
X 0010 [l + (29“)2}
(25-
The solution of Eq. (E.1) gives { = 0.1291. The damping constant is given by

Y  0.0025

(E.1)

c =¢c. =L2Vkikm = 01291 X 2 X \/40,000 X (3000/9.81)
= 903.0512 N-s/m (E.2)
The dynamic force amplitude on the base atr = 1 can be found from Eq. (3.74):

1/2
1+ 427"
Fr =Yk 4—{2 = kX = 40,000 X 0.01 = 400 N (E.3)
The amplitude of the relative displacement of the machine at ¥ = 1 can be obtained from Eq. (3.77):
¥ 0.0025
Z =—=——-—-=0.00968 E.4
20 2 X 0.1291 BEcH ER)

It can be noticed that X = 0.01 m, ¥ = 0.0025 m, and Z = 0.00968 m; therefore, Z # X — Y.
This is due to the phase differences between x, y, and z

A heavy machine, weighing 3000 N, is supported on a resilient foundation. The static deflection of
the foundation due to the weight of the machine is found to be 7.5 cm. It is observed that the machine
vibrates with an amplitude of 1 cm when the base of the foundation is sub gcted to harmonic oscilla-



I Deflection of an Electric Motor due to Rotating Unbalance
EXAMPLE 3.6

An electric motor of mass M, mounted on an elastic foundation, is found to vibrate with a deflection
of 0.15 m at resonance (Fig. 3.20). It is known that the unbalanced mass of the motor is 8% of the
mass of the rotor due to manufacturing tolerances used, and the damping ratio of the foundation is
{ = 0.025. Determine the following:

a. the eccentricity or radial location of the unbalanced mass (e),
b. the peak deflection of the motor when the frequency ratio varies from resonance, and
¢. the additional mass to be added uniformly to the motor if the deflection of the motor at reso-

nance 1s to be reduced to 0.1 m.

Assume that the eccentric mass remains unaltered when the additional mass 1s added to the motor.

Electric
motor,
mass M

Solution

a. From Eq. (3.81), the deflection at resonance (» = 1) is given by

MX _ 1 _ 1 _ 20
me 2¢  2(0.025)
’ FIGURE 3.20
from which the eccentricity can be found as
MX M(0.15)
e = = 0.09375 m

20m  20(0.08 M)

b. The peak deflection of the motor is given by Eq. (3.83):

(£> = 1 = l = 20.0063
me Jmax  2ZV1 — 2 2(0.025) V1 — 0.025 '
from which the peak deflection can be determined as
20.0063 20.0063( 0.08M)( 0.09375
Xan = e = ( ) )~ 0150047 m

M M

¢. If the additional mass added to the motor is denoted as M, the corresponding deflection is
given by Eq. (3.81):

(M + M)(01)
(0.08M)(0.09375)

which yields M, = 0.5M. Thus the mass of the motor is to be increased by 50% in order to
reduce the deflection at resonance from 0.15 m to 0.10 m.



I Spring-Mass System with Coulomb Damping
EXAMPLE 3.8

A spring-mass system, having a mass of 10 kg and a spring of stiffness of 4000 N/m, vibrates on a
horizontal surface. The coefficient of friction is 0.12. When subjcted to a harmonic force of fre-
quency 2 Hz, the mass is found to vibrate with an amplitude of 40 mm. Find the amplitude of the har-
monic force applied to the mass.

Solution: The vertical force (weight) of the mass is N = mg = 10 X 9.81 = 98.1 N. The natural

frequency 1s
Wy =,/£=1Im=20rad/s
m 10

and the frequency ratio is

P _S220 _ yeons
w, 20
The amplitude of vibration X is given by Eq. (3.93):
b —1/2
F mE
R L1
1 _— —y
(‘)n
p {4(0.1 2)(98.1) }2—1/2
FO 7-'FFO
0.04 =

4000 (1 — 0.6283%)?

The solution of this equation gives Fy = 97.9874 N.



Section 3.3 Response of an Undamped System Under Harmonic Force

3.1 A weight of 50 N is suspended from a spring of stiffness 4000 N/m and is subgcted to a har-
monic force of amplitude 60 N and frequency 6 Hz. Find (a) the extension of the spring due
to the suspended weight, (b) the static displacement of the spring due to the maximum
applied force, and (c) the amplitude of forced motion of the weight.

: W . .28 - s
(Cb) 8= == =~ Hooo = 0-0125 m
b 8 = .F-o—- = __69— - .015 m
() 8 * ~ #ooo  °
1
(€) @p= JE = (000x288Y - ggo14s rod/ree
50
W= ¢ Hz = 37- 6992 vad/sec
1
i .
= 0185 m
= & '—_’4(:9_—_{ = 0015 _ 376992 A 0
X st { - (-E;) 1 28.0143

3.2 A spring-mass system is subjgcted to a harmonic force whose frequency is close to the nat-
ural frequency of the system. If the forcing frequency is 39.8 Hz and the natural frequency is
40.0 Hz, determine the period of beating.

2T 2T
WOp-&@ = 27 (40-:0—39-8)

|

TL'.: = § sec



3.3 Consider a spring-mass system, with £ = 4000 N/m and m = 10 kg, subjct to a harmonic
force F(t) = 400 cos 10z N. Find and plot the total response of the system under the follow-

ing initial conditions:

a. X = 0.1 ITl,J\'Cg =0
b. xy =0, x5 =10 m/s
€ xg = 0.1m xg =10m/ss

K= 4000 Nfm, m= 10 %9, F(t)= 400 cosiot N

F.= 400 N, w= 10 rad/s
|45
wn=\l%=lo ra.a'/s, 6:=£;=oo5 < 1
Response is given by Ep. (3.9) :

x(t) = (xo___,_:"____z. CaS&9f+<iﬁ_ s,‘nc.sn-t_,__F_L_.Tcaswi:
k= m " Wy, - S
: £
(G)) 9‘- =015 x.o =1o8E (
Eg (-1) becomes
400 4 00 i
- seot + cos |o
=1l = {o | 4000 - '°('°°)S 4 4000 —10(los)
= —0.0233333 cos 20t + 0-133333 cos lot (E-2)
(b) x,=0, %x,= 10"
Eg- E1) becomes
- _ AR : 10 <in g0t
x () = {0 FEYTII ('oo)} cos 20t + E Sin 20
+{ 429 }cos to t
40006 — 1o (100)

L

= - 0:133333 ¢cos 20t + 0:5 S'n 20t + 0133333 coSCIO 5
E-

(¢) x =o', ’>.¢o= o

Eg. (E-1) becomes

x (1) :{oﬂ— e } cos 20t + Je o5 20t
4ooo — 1o (100) 20

400 t
=+ cos o
{qooo — 1o (loe) } @

= — 0:033333 cos 20t + 0.5 sin 20t 4+ 0-133333 coS ot

] (-4



3.4 Consider a spring-mass system, with £ = 4000 N/m and m = 10 kg, subjct to a harmonic

force F(¢) = 400 cos 20z N. Find and plot the total response of the system under the fol-
lowing initial conditions:

a. xp = 0.1 m,}.’:g =0
b. X0 = 0, fCO =10 m/s
€ xg =01 m, x5 =10ms

K= 4000 N/m, ™= (o kg, F(t) = 400 cos 261 N,
Fo = 400 N, W= 2¢ ra—J/s

&, J’__l__ZO'l‘a-A/S; T&;:%%=i
Response is given by Eg. (3°15):

x($)= %, cos Ot + %o gin w,t +
G, 2

Wt’\ere 85"::- Fo/,k = 4—00/4_000 = 0l
(Cb) K=o, >'€o:o:

Ep.(E-1) gives

x(t) = 0.\ cos 2a't+(o")£zo>t Sin 20t

Sin C«9h'b (EOI)

= o] cos 20t + t sin 20t (E-z)
() %o=0, 9'60 = lo.
Eg- (E-1) gives
®(8)= 1295 sin 20t + (o-\)éu)t Sin 20t

= 05 Sin 20t + + sin 20¢ (e-3)
{9 H,=0"1, ""o: o=

Eg. (E- 1) gives

2(t)= o:1 cos 20t + —'i% sn 20t +<° '>(2°) sin 20t
2

— 0] Cos 20t +0°5 sin 20t 4+ 4+ sin 2et (E'4>




3.5 Consider a spring-mass system, with & = 4000 N/m and m = 10 kg, subjct to a harmonic
force F(t) = 400 cos 20.1z N. Find and plot the total response of the system under the fol-

lowing initial conditions:

a. Xg = 0.1 m,}'fo =0

b. x5 =0, xp =10 m/s

¢ xg =01 m x5 =10mfs

4= 4000 N/m, m= 10 kg, F(t)= 400 cos zor1t N
Fo= 400 N, (9= 20-] ra,al/g , = 404.0) (ra.a\/s)?'

W,z X = 20 rad /4

m

Solution is wen L,j Ei (3 9)
X(‘b —92—9' 13
)= ( 'k e > cos W, t + = sim et

n

———) cos wt (e

(k m ° )
(a) X, =0, iozo‘.
Eg. (1) reduces to
z(-{:):’{o-l - ki }cos 2o t

4000~ lo (4ol-ol)
+i i 4 } cos 20.11
4000— 10 (404 .01)
— 10075062 cos 20t — 9:975062 ces zo:lt (E-2)

(b) xo=0, %, =lo:
Eg- (e 1) reduces to

400
= - ; £ 1o ;
=2 {Afooo - :o(4oq-oi)5zcos 20C + 45 Sinz2ot
400
'f‘{qoao__ 10 (404 01) cog 20-1t

= 9.975062 cos 20t + 05 sin 20t
~ 9.975062 cos 2ot t (e-3)
©) x, =o', 72°= ey
Es. (E-1) gives
X({:):{O'I -

400
Hooo — 10 (404-01)

(0

= sin 20t
20

cos zot +

+§ 400
4000-—!0(401,,,“) } cos 2ot

= 0075062 CoS 20t + 0'5 Sin 20t

—9:.975062 cos 20:1 t <E'4>



A spring-mass system with m = 10 kg and £ = 5000 N/m is subjcted to a harmonic force
of amplitude 250 N and frequency . If the maximum amplitude of the mass is observed to

be 100 mm, find the value of w.

3.9

o= | % =\5000/, = 22:3607 rad/sec

dgp = Fo/k = 250/5000 = 0.05 M

X = 85«&{

e
=5 ) A
8 —é. Orog z
v.e., 9 = C‘jn (1— ;{f = PP 3607 [[-— = J

= 15-81i4 ra.d/ze—c




3.24 Derive the equation of motion and find the steady-state response of the system shown in Fig. 3.44
for rotational motion about the hinge O for the following data: k&, = k, = 5000 N/m,
a=025m b=05m {=1m M =50kg, m =10kg, Fy = 500N, & = 1000 rpm.

K1) = Fysin ot

Uniform rigid bar, mass m k;
7 \
é L_Q%——r—- = M
70 8
ky
4——-a—-b-|
b >
3 l fo
FIGURE 3.44
*, b6

DRZIE
F(t)

4,00 6

Equation of motion for rotational motion about the hinge O:

(Jo +M €2) § + (k; 2% +ky b?) 0 =F(t) £ =Fo £ sin 't (1)
Steady state response (using Egs. (3.3) and (3.8)):
f,(t) =Osin wt (2)
Fo ¢ 4
8= (3)
b (k, a2 + kg b?) — (Jo + M &) o7
_m& £y ol it (4)
and Jo = —-ﬁ'— +m ( ) ) 3

1000 (2 7)
- —m? e A2 0 e {0472 mad [ A6,
For given data, Jo = T (10) (1%) = 3.3333 kg—m", w 5 /

and

500 (1)
5000 (0.252 + 0.5%) — (3.3333 + 50 (1%)) (104.72%)

= —8.5718 (107*) rad



3.25 Derive the equation of motion and find the steady-state solution of the system shown in Fig. 3.45
for rotational motion about the hinge O for the following data: & = 5000 N/m,
{ =1mm =10kg My =100 N-m, ® = 1000 rpm.

7,
Uniform rigid bar,
k Mocgs ot =" mass i
™ ~Ng

(‘ e G e el N ‘>
" O
I, y J
_"‘I" ?
FIGURE 3.45

;Equation of motion for rotation about O:

i.e., Jo 6 + —Z—kfz 8 =My coswt

1 ¢ 7 _ 2 _ oy

and w = 1000 rpm = 104.72 rad/sec. Steady state solution is:
O,(t) = O cos wt

where

0 = My = 100 — — 0.007772 rad

_Z_ k¢ —Jpu? 5000 (-‘;’—) (12) — 1.4583 (104.722)




Section 3.4 Response of a Damped System under Harmonic Force

3.26 Consider a spring-mass-damper system with & = 4000 N/m, m = 10 kg, and ¢ = 40 N-s/m.

Find the steady-state and total responses of the system under the harmonic force
F(t) = 200 cos 10z N and the initial conditions x5 = 0.1 m and xy = 0.

k= 4000 N/m, m= 16 kg, ¢= 40 N-%/m, F(+)= 200 cos iot,
F,= 200 N, @= (0 rad/s, %, =01 m, %5 =0

- 200
W, = ’_f‘fn.. = 20 ra.J/S‘ > 85.&— —%g": m: 0:65 M

3= Y =(Ys few) = (42 Jhooaley ) = o
“y = \‘l-—‘g‘z.wn=,l1-—(o.;>z (20) = (9:899749 rad/s
o 10

P= 8, = 7a = 5

0:05
= & -\{ | = s > = PR

= 0:066082 m
¢= fa.n—‘ (2§r> = {'a,h—‘ (2 A H *o'S) = 0-132552 ra.al

Pt -0:5%
Sl:ea.cQg state response, Eg. (3:25):

Xp(E) = X cos(Wt—¢)

= 0-066082 cos (lot— 0:132552) m
Total response, EZ.(3'397:

2% = Xoe-Twn": cos(wdt—¢o>+ X cos (wt-—;é) (1)
US"Y\j the initiadl conditions X and 7.‘01 Ea.(E-O 3“‘/63
o= Ko h g, + X 5 & (E-2)

or

Xo th fog= %og— X 58 (e-3)
Hy==JWy RoosSP, + Wy K,Sing + WX sin ¢ (E-4)
, s _
or K o Sin ?50:a;%xojf‘swnxouﬁy!o__wx:m;ﬁ} E-5)
For Known velues, Egs- (E-2) and (€'5) yield

X, cos ¢o=o-o3!f'-[98 > X, Sin g, = — 0000 g22

Hence ) .
Xo={(Ko €5 d) + (X, sin 80) }z - cio34E 1B

¢o= tan ! (M = —0:026710
: X, CoS ¥,

Thus the total response, Eg. (e-1), will ke

x(f)= cr0345 10 e—Zt cos (19.899741 t +0.026710)
+ 0:066082 cos (lof:-—o'IBZ'SSz) m (e-¢)



3.34 A spring-mass-damper system is subjected to a harmonic force. The amplitude is found to be
20 mm at resonance and 10 mm at a frequency 0.75 times the resonant frequency. Find the
damping ratio of the system.

‘ : Wees . 2 .

EZ' (3'34>' Bk . 35‘{; W= G, g

(e SS"‘: = 2 T(;Zoooo> — 0004 ‘5— (E1>
EZ.(Z-ao): X e 21 = Y = 0‘75=CC—5;

Sst \/G-nz) + (2371)
e . g0} — - = (Ez}
Sct \/Q_ 675" )+ (2 Tx0:75)"
EZS'- (E,) O—\’Ld (E2> S;Ve
ool _ i
0045  (oqlu+ 2.25 T°

- 2
ile-» 041914 + 2+25 T2 =16
l-e- ¥ = o+ll80




3.41 A torsional system consists of a disc of mass moment of inertia j; = 10 kg-mz, a torsional
damper of damping constant ¢; = 300 N-m-s/rad, and a steel shaft of diameter 4 cm and
length 1 m (fixed at one end and attached to the disc at the other end). A steady angular oscil-
lation of amplitude 2° is observed when a harmonic torque of magnitude 1000 N-m is
applied to the disc. (a) Find the frequency of the applied torque, and (b) find the maximum

torque transmitted to the support.

- -

- TF'G d" _ T (7? 3 X (0 ) ( > = 199303l N—‘rﬂ/ra,c’
[ke /199'300 U _ 40434 v e
Bst = ’"fo e = f000/9930.3| = 0.0502 rad
S¢ = —t— = o = 0-336¢
29, Wn 2(10) (44-6434)
when written for o torsional system, gives

() Eg - (3-30),
d.

® _ -
G JE-r)EEF

i-e. (2/5'7-295_62 B L '
00502 ﬁ_rl>z+ (zx 0- 336 r)‘?‘

(-e., r7'= 2.0655 > =20 5171

W= 1= (20655 (44:6434) = ca16 rad/ses

(b) Maximum torgue transimitted to the swpport:

My (1) = %, 6(8) + ¢ 6 (t)
= &, 5] Cp,g(wf—¢> - ¢ ® W s{n(w’(’.—¢)

(m{:)ma‘x _ \/Zk.& @>z + (c. @ Cﬁ)?-‘ 1
-_—/;9930-# =) diha {200 (ﬁm)(ewé)}z

= 967-2 N-m




3.42 Fora vibrating system, m = 10 kg, £k = 2500 N/m, and ¢ = 45 N-s/m. A harmonic force of
amplitude 180 N and frequency 3.5 Hz acts on the mass. If the initial displacement and
velocity of the mass are 15 mm and 5 m/s, find the complete solution representing the motion
of the mass.

=Tt
Complete solution is  x(¥) = X € cos (Wyt+8)+ X f (ot -%)

= 2T (35) = 219912 vad/sec , (,,3“=J_1:<_;=,|2_5‘_g.9 = 15.3114 vad [sec

F (80 _ ..
8*‘—‘ : = 2500_0072111
it 2 _ 2112 _ 13908
£ . = = o0.1423 Y === -
3= g, | 200) (i5:8114) a-i% ’ Wn 15.81(4
% Ous 229, Wy = Ji-Tv 8,= 15-8505
st e 0.072 /
x = | = 2
Ja-r2Y + @xr)* (- 3908%)% + (z xo-l423 x I 3908) ]
= 0.07095 ™

de it (”r\) b (%): _ 22.-9591°

R ot (21,9912 £ + 22+ 959
x(t)= %X, € s (156505t + %) + 0.07095 { )
—225t

z(t)= ~ 225 X, € e s (156505t + 4 - 15:6505 X, € 4im (15:6505t+8)
— 21-9912 (0-07095) #6n (21-9912 T +22: 9591°)
x(0) = o-0l5 = X SB, + 007035 et 229591

X cA@y = — 0-05033 ---- (E1)
5. 6505 Xo Ain %o _ 15603 Ainm 22 959

2(0)= § = ~-2:25 K, Z
| " — 0« 6086 = 2:25 K¢ S Py — — (&)
% i g = (5:6505

Egs- (1) and (Eg) Ve
X, = §E0:05033) + (-o- 3510)? } = 03547

g = tan = ( o:;,;;) o' ( 6.9760) = s3I 8423



3.44 The landing gear of an airplane can be idealized as the spring-mass-damper system shown in

Fig. 3.52. If the runway surface is described y(¢) = y; cos wt, determine the values of k and
¢ that limit the amplitude of vibration of the airplane (x) to 0.1 m. Assume m = 2000 kg,

yg = 0.2 m, and @ = 157.08 rad/s.

(@)

FIGURE 3.52 Modeling of landing gear.

Amplitude of vibration under base excitation:

k% + (c w)?

[ P )+ w)Z]

T

2

X=Y<[

(0.2) K/P + ¢? (157.08) _ —oim

2 2
{k — 2000 (157.08)2} + c? (157.08)

Let k = 5 (10°) N/m. Then Eq. (1) gives:
/25 (101%) + 2.4674 (10%) ¢ _ &
\/1966.7717 (102) + 2.4674 (10*) ¢?

ie., 1.85055 (10%) c? =466.6929 (10'%) ie,

strut and

viscous damping

Mass of

aircraft, m

Wheel—|

¢ = 158805.0 N—s/m

i

i



3.46 Derive the equation of motion and find the steady-state response of the system shown in Fig. 3.54
for rotational motion about the hinge O for the following data: & = 5000 N/m,
[ =1m, ¢ =1000N-s/m, m =10 kg, My = 100 N-m, @ = 1000 rpm.

CHAL TS,
Uniform
rigid bar,
K My cos ot Tle mass k
ARy !
= ——— ret—}—-- e s
7]
=3 TITTT7I 7
{ {
= — ] . Y O——
G
FIGURE 3.54

e

-‘Equation of motion:
[: : g = My cos W t
109_*_([(_9}_‘4‘.‘0_9}_64_‘1(3 3

o £ . 4 B
or 109+c1-6-9+-§-k€29—M0coswt

m £ b | By, L 2\ — 1.4583 kg—m?
where Iy = = +m(z)2—4—82m€ = (10)(1) g
c & = (1000) ¢ — 62.5 N—m—s/rad
16 16
8 el (5000) (1?) = 3125.0 N—m/rad
) )

W= 1_099_(2_71’_)_ — 104.72 rad /sec
60

Equation of motion becomes:
1.4583 8 + 62.5 § + 3125.0 § = 100 cos 104.72 ¢

Steady state response is given by Eq. (3.28):

6.(t) = O cos (wt — @) = O cos (104.72 ¢ — @).sp
o ( 130 = 0.006927 rad

where © =

2 213
{3125.0 — 1.4583 (104.722)} = {62.5 (104.72)}

— tan] 625 (104.72) | _ _ 04705 rad = — 26.9606°
and ¢ =tan " |0y 14583 (104.72%)




3.48 Find the steady-state response of the system shown in Fig. 3.55 for the following data:

k, = 1000N/m, k, = S00N/m, ¢ = 500 N-s/m, m =10kg, r =5cm, Jo =1 keg-m?,
Fy = 50N, @ = 20 radss.

Pulley, mass moment of inertia J;

Fysin ot
Y 3
)
ky |:ﬂc
s
kz“(re) ’_o\e\
) 15
TS
Fx
= siny wt
Fr, Fy !

i - i T

P,

klx (4 i
Equation of motion for rotation of pulley about O:
— ko (Gr)r—Jo.é—kl x(2r)—cx(2r1)+Fo sinwt (2r)—mX(2r)=0 (1)

where 6 = x/(2r). Equation (1) can be rearranged as:

1 3
;19—+2mr i+2crfc+{2k1r+—é—k2r}x=2rFosmwt (2)
2r
For given data, Eq. (2) becomes
11% +50% +112.5x =5sin 20 ¢ (3)
Steady state response is given by Eaq. (3.25):
xp(t) =X cos (Wt — ®)

h X 5 = = 0.001136 m
where =

2 2 rl
{112.5 =11 (20?)} - {50 (20)}

R 50 (20) :
= - 112.5 — 11 (20%)

] — —0.2201 rad = — 13.1287°




3.49 A uniform slender bar of mass m may be supported in one of two ways as shown in Fig. 3.56.
Determine the arrangement that results in a reduced steady-state response of the bar under a
harmonic force, F sin wt, applied at the middle of the bar, as shown in the figure.

Fy sin ot Fyy sin wt
o | 4~ |
; (. :' G. ’ .) ; (. | G @ ® ’>
7 / 7
Uniform bar, k ¢|l—] Uniform bar, ¢ k
mass m1 mass #1
R 77777 j y 7777 ’ ZIA7T.
{ { { i, & I
2 4 S 4 =5 2 § 1
(a) (b)

FIGURE 3.56

(2)
Y My =0 (about hinge):

3] 3¢ . 4 5
skl = =_—F wt
k6 4] 1 +(ct) ¢ - o sin

Ty @ &
< . 9 2 FO ¢ .
or 109+c€29+—1€k6’ 6 = sin wt
Magnitude of steady state response:
' 1
0 1)
8, = Eﬁi/ ikfz—Iowz +(c€2w)22 (1)
* 1 2 16

1My =0 (about hinge):
3¢ _ ¢
2

o 36.

Fosin wt
4

Fot¢
sin wt

or 10.0.+_1%5—C€2 f+k &2 6=
Magnitude of steady state response:
2 e
: FO £ 9 5 2
o[ nf ofgeed y

Usually, c is small compared to k. If the term containing c is negligible, ©, will be
smaller than ©,. Hence arrangement (a) is desirable.




Section 3.6 Response of a System Under the Harmonic Motion of the Base

3.52 A single-story building frame is subjected to a harmonic ground acceleration, as shown in
Fig. 3.57. Find the steady-state motion of the floor (mass m).

§—>x(r)

1
1

AN NN
—_—e

X (1) = Acos ot

FIGURE 3.57

;(t’) = ;}(t> - A cof wt 3 y.(t):: _(_f-?— Sin et 4+ By

= 2(f)
y(t) = - -;/;'z cos Wt + B\ E £ B, AL IS,
m
Assuning y(o) = y,(a) = 4 we 5et‘ % 4</2
y(t) = — ngf cos ast

NN O\
Ezua:[:ffpn oJC motion - RS \\\\\\\\\;;\(;S
mx + k (2=%) =0
(e 'fhg/-(— ‘ks«:—mj:—m ;f:}(f:):_.mAcOswf

where 2= x—7

Solution s : _wmA s wt
3(t) = e o
x(¥)= }(.b> T 7(t> = = kmm e . —a;f_’:>A cos o5t



3.53 Find the honzontal displacement of the floor (mass m) of the building frame shown in Fig. 3.57
when the ground acceleration is given by X, = 100 sin wt mm/sec: Assume m = 2000 kg,
= 0.1 MN/m, w = 25 radk,and xz(t = 0) =x,(t =0) = x(t =0) = x(t =0) =0.

§—>x(r)

I
1

AOANONUNORURRRURRRRRRRNRNN NN NN
e

Xg(t) = Acos wt

FIGURE 3.57

-From solution of Prob(em 3.52,

A :
x(£) = «_MA sin ot - 52 Sn et
100 10 .
— #2009 tooo st PEE — °> sin 25t
= 5 looo (25)
o eio® = 2000 (25>
For moXimum % (€t),
| -4
x(t) = <-— 200 — - —6_‘_2—;0> Sin 25t = —-3.339/x(0 Sin 25t ™
115 x 10 :

Man‘mum l‘)orfson%a,t J,’srlwmgnt o¥ :FIOOT: 0'3339 mm



3.54 If the ground in Fig. 3.57, is subjgcted to a horizontal harmonic displacement with fre-
quency @ = 200 rad/s and amplitude X, = 15 mm, find the amplitude of vibration of the
floor (mass m). Assume the mass of the floor as 2000 kg and the stiffness of the columns as

0.5 MN/m.
§—>x(z)

I
1

AN NN NS
—e

X (1) = Acos wt

FIGURE 3.57
ve  re e s (E
Yﬂ(')(-—}>+ ‘k('x-—}) = Y = = x} f)
Here '}(t) = x}({:) = X? cos w0t , and Eg- (E{) becomes
mg,+ *g. = m@"'x} oS wt with 3= x-2F
Bptd S B m Xg cos st X, r* cos wt
£y = )
() - mad? =™
with G, = K = '—__o-5x|06 = 58114 ra.cf/sec.
m 2000
and r= 6/, = 200/i5.8114 = (2:649I
; 2
IS 12-649|
}(t) == (“565'> { 2} cos 200t =_-0.01509 cos 200t ™
1 — (2:6491%

x (t) = (&) + 3(t) = {0,015 cos 200t — —— 200t} m
= 0'03009 ™M = 30.09 Mmm.

co Amplitude of vibration of floor




3.58 A uniform bar of mass m is pivoted at point O and supported at the ends by two springs, as
shown in Fig. 3.59. End P of spring PO is subjgcted to a sinusoidal displacement,
x(#) = xgsinwt. Find the steady-state angular displacement of the bar when [ =1 m,
k = 1000 N/m, m = 10 kg, xog =1 cm, and @ = 10 rad/s.

x(1) = xp sin wt

. J
Uniform bar,
& mass k
/ s '/k e

(6 ——he - . - 0s)

FIGURE 3.59

3¢ : . L
Linear displacement of point Q due to g = T 6 and net compression of spring PQ =

% ¢ 6 — x(t). Equation of motion:

2 k¢o ¢ 366 3¢ 1
IOG:_TZ—k{ 1 X(t)} 1 (1)
1 b 7 2 _ T % o A g
where IO=T2—m€2+m(z-)2——z—8—m€ = (10) (12) = 1.4583 kg—m
Hence Eq. (1) can be rewritten as
1|5 el p= |2k in wt (2)
100+{—8—k6’]9 [4 Xg| sin
Steady state angular displacement of the bar is given by Eq. (3.6):
e;l_i-kexo]/[g—kez—xowz] (3)
% 5 (1000) (12) — 1.4583 (10?)| = 0.01565 rad
= {—4- (1000) (1) (0-01)]/ [s (1000) (1%) (

and hence 6(t) = © sin w t = 0.01565 sin 10 rad




3.59 A uniform bar of mass m is pivoted at point @ and supported at the ends by two springs, as
shown in Fig. 3.60. End P of spring PO is subgcted to a sinusoidal displacement,
x(t) = xpsin wi. Find the steady-state angular displacement of the bar when / =1 m,
k = 1000 N/m, c = 500 N-s/m, m = 10 kg, xy; = 1 cm, and @ = 10 rad/s.

X(f) = Xp sin i

£ LSS P
Unif
: 2 N e R -
~
(‘ ® ] Q‘)
O
L ; "PL7Z7 ; 4_‘17 [
4 —— 1 G
FIGURE 3.60

Equation of motion:

- 3¢ 3¢
Y ")—cfle(f_)—k[.z—e—x(t)]_

4 4
' i+ L2t - §) =2k €xosin wt (1)
i.e., I°9+EC€ 9+§k€ 4kfx() 1 Xo
(2)
Using given data, Eq (1) can be expressed as
1.4583 8 + = (500) (12) 6 + > (1000) (12) 6 = = (1000) (1) (0.01) sin 10 ¢
le, 145839-{-31259+62509—7581n10t (3)

Steady state angular displacement of the bar is given by Eq. (3. 28) with:

0 = (L. — = 0.01311 rad

2 2 2 B
[625.0 — 1.4583 (102)] 4 81.25% (10%)

Sads 1) -—| =0.5779 rad
625.0 — 1.4583 (10%)

. G(t) =Osin (Wt — @) = 0.01311 sin (10 t — 0.5779) rad

¢ = tan™?




Section 3.7 Response of a Damped System Under Rotating Unbalance

3.63 A single-cylinder air compressor of mass 100 kg is mounted on rubber mounts, as shown in
Fig. 3.61. The stiffness and damping constants of the rubber mounts are given by 10® N/m
and 2000 N-s/m, respectively. If the unbalance of the compressor is equivalent to a mass
0.1 kg located at the end of the crank (point A), determine the response of the compressor at
a crank speed of 3000 rpm. Assume r = 10 cmand / = 40 cm.

Flexible hose

||I|I III}"<7Rubber mounts
TITTTITTTTT 7777777777 77777,

FIGURE 3.61

Equation of motion: MX¥ +cx+kx=mew sinwt

where w = E—Og%-é—z—ﬂ — 314.16 rad/sec, M = 100 kg, ¢ = 2000 N-s/m, k = 10° N/m,

m = 0.1 kg and e = r = 0.1 m. Steady state response is:
xp(t) =Xsin (wt — ¢

me
where X = .

l&—M&V+®@42
0.1 (0.1) (314.162) — =110.9960 (10~°) m

2 2
{106 — 100 (314.162)} + (2000 (314.18))?

» S ot 2000 (314.16)
and ¢ =tan k—Md2| 0 |10% — 100 (314.162)

= — 0.07072 rad = — 4.0520°




3.64 One of the tail rotor blades of a helicopter has an unbalanced mass of m = 0.5 kg at a dis-
tance of ¢ = 0.15 m from the axis of rotation, as shown in Fig. 3.62. The tail section has a
length of 4 m, a mass of 240 kg, a flexural stiffness (E{) of 2.5 MN-m?, and a damping ratio
of 0.15. The mass of the tail rotor blades, including their drive system, is 20 kg. Determine
the forced response of the tail section when the blades rotate at 1500 rpm.

Tail rotor blades

Tail section, E/

FIGURE 3.62

v‘k: sPrc‘nj constant of

» P e - '5
Tail section g .':“ Q2 £4
cantilever beam (self mass = 240 k3) y el
*x /=|0¢l5m
3ET _ 3 (25 x1°) j EL= 2:5 MN/m , S=0-15| ..~
= — = Z
! %> ; |
6 P 4 m >
= 0+ (172 x10° N/m < |

1

123 : 3
o+ (172 x 10
i ™ ™ = = 38275 d
" \}m,-«—o.zs b \/zO-f-o-?.‘S(ZLfO) 38-2753 rad/sec

e = 2T (1509) /60 = 157-08 rad/sec
r= &/e,= I57:08/38.2753 = 4-1040 ,  ri= (68428

Forced response (S given by Eg. (3-79) :
XP({:) = X Sin (C.St —;zS)

where me |, Y‘z ,
X = my J@-r")z + xr)®
(ooS)(o.ifs’) (68428

2 2}
2@ . \/("’ (6-8428> +<2 x a-15 x 44040)

3.9747 x 10° m = 3-95747 mm




3.65 When an exhaust fan of mass 380 kg is supported on springs with negligible damping, the
resulting static deflection is found to be 45 mm. If the fan has a rotating unbalance of
0.15 kg-m, find (a) the amplitude of vibration at 1750 rpm, and (b) the force transmitted to
the ground at this speed.

5 45 Iy 380 x 373
st © Jooo B k i
- N/
€, 4 §2,840 J 2_‘[1‘(!75'0>
@y, = /Jf_ = [82:880 = [L.7Ee48 = free 5 W= g
n 380 _ (83-26 " 24 /rec
o 183-26 = .
P B ey = 12RIR ¢ s IERmnaE
(,’) Amplf{:ude an Vf"ra't‘zon - 54 .0566
— = 2 )
X = M a- ¥ ryr). 580 y(iswesee) +o

= 3:IT32 x:o e
(ii) Force transmitted to 3rour?d

K = (82840) (3-9732 xtg‘f) — 329140 N B

—



3.66 A fixed-fixed steel beam, of length 5 m, width 0.5 m, and thickness 0.1 m, carries an electric
motor of mass 75 kg and speed 1200 rpm at its mid-span, as shown in Fig. 3.63. A rotating
force of magnitude F; = 5000 N is developed due to the unbalance in the rotor of the motor.

Find the amplitude of steady-state vibrations by disregarding the mass of the beam. What
will be the amplitude if the mass of the beam is considered?

et

wit
PR TR M BN
2

2

Fy

OO

A

FIGURE 3.63

3 —8 T

I c4 (67 X io“f) = o328 xlo7 N/'m
., HXREE 192 (2.07 %0 3) (o4 = 3
£3 (R
) w"':\/"z_’:l_ = f3'2'4'.8;; 10f  _ 420.2356 rad/fsec
w= 2T(1200) [y = 125 664 rad fsec
r= &%, = 125.664/ 420-295¢ = 0:299 r*= 0-0894

AMPI'\‘:uJe of S“f'ea,clj-Sfa:be vibration (§ given b‘j Ea. (3-30)
with T =0 :

So00
St = Fa -
3 = =

‘r"__.i_‘ ‘k((rﬁ-_')\ - (}.3249;{107)(0-9106)
e
= o4145 x Io m

(b) Using the effective mass due to self weight of beam
(For <= Ca-ni-i(.eve,r> te be valid here also,

« sz |
& = \/;'*' 02357 ™

where M = wmass of motor =75 k3, and
- , 3
m= mass of beam = (5‘ xo0.5 xo-i)( 76:; ;:o = 194 9- 5313 &9
—_l L
13.248 x 10®

&, = S 3 = 57.4339 rad/sec

75 + (1949:5313)(0-2357)

2= 06371
- = S. 6 Sy & 339 = 0-7982 = ! 063

r= W, = 125664157 4

SS& Fo e
X= o] T % e (3z4sxe’)(ein62

-3
= j0400 x |0 Lect




3.68 A centrifugal pump, weighing 600 N and operating at1 000 rpm, is mounted on six springs of
stiffness 6000 N/m each. Find the maximum permissible unbalance in order to limit the
steady-state deflection to 5 mm peak-to-peak.

™m= (‘00/9-81') N, W = 21T(Iooo>/50 = (0472 ra.al/sec
* = ¢ (6000) = 36,000 N/m

v ‘k/m \/736000/(5_9_2 — 24.2611 r‘a-cg/sec_

z _ §- 6311l
r = Ct?/wn = 104'72/24'26(! = 4.3164 2 r !
2
% = Fo . m, € where m, = u_néa,la-nce'c! mass
* lrz—-f( y3 {r"-——,l O..Y\d e = ECCeY\tY‘l:Cl:ky
P A
=€) .3 m, € (104.72)
2.5 x (0 =

3G coo0 l 17-63111

i, m,€e = 0. lu47 Kg-m

Unbalance = W, e = mae = o-it47 (9:81) = [-4195 N-m




3.70 A variable-speed electric motor, having an unbalance, is mounted on an isolator. As the
speed of the motor i1s increased from zero, the amplitudes of vibration of the motor are
observed to be 0.55 in. at resonance and 0.15 in. beyond resonance. Find the damping ratio

of the 1solator.

2

M X e
E ° 3'82. % - o 1
o OIS eyt v ey
when y=1,
mx _ mo_ ! _ [ ! &
me 2T = e 23T X 2‘;‘(0-55) 11 T ( f)
When r= La,rge,
M X ~ M_ o . = . (EZ
me - or me ~ X 0.(5 )

Cornb(m‘nj (ED and (Eg), we obtain
)
il 5

I

18

5
1364

< 3z

QO o

—

3.82 A spring-mass system is subpcted to Coulomb damping. When a harmonic force of amplitude
120 N and frequency 2.5173268 Hz is applied, the system is found to oscillate with an ampli-
tude of 75 mm. Determine the coefficient of dry friction if m = 2 kg and £ = 2100 N/m.

= /14__ _ (2‘00 _ 32.403703 ra.A/Sec
™ 2 -

N = vertical force = mg = 2 (9~31) = jG.g2 N

3_9_ - 28473268 X2 e 0'483“9‘
Wn 32403703

(m ]

1
( (19-62) 12 _ ¢
120 L - {”w\(.ao)‘} ] &

1€+ 0:075 =
. (1 — 0-4881U%*%)
2
(e 1 - 004334 pF \Y2
Fighed = 0-5802473
2
e 0.9995666 = L1 - 0-04334 M

il p= ot




Section 5.3 Free-Vibration Analysis of an Undamped System

5.5 Find the natural frequencies of the system shown in Fig. 5.24, with m; = m, m>, = 2m,
ki = k,and k; = 2k. Determine the response of the system when £ = 1000 N/m, m = 20 kg,

and the initial values of the displacements of the masses m; and m, are 1 and —1, respectively.

' Eguations of motion my X+ (KR ) g = KyR, = o (E)
1

Mp Ry + KyXy — KXy = O
Egs- (E1) give the

WLH\ ’x"(‘t) = Xi cos (L.S‘t + ¢) 5 = 1,2
j’—reguency ezua:t.'on
_dzmi+«‘+k2 ~ Ky - %
4' 1<| <+ kz k,_ 2 k. kz = B (EZ)
. @ Yy L —T-"‘—i) w ™myg Mg
Roots of Ep.(E2) are
»k 1
2 2 _ K+ ke K _  [Lktke  kp\E o kF2 £
wi » - Iz’mi i YA ¥ \/4-( ™4 _'“—2— ™ ™2 ( )
I =it X —(2) X
X = ® o,ncl X = g @ .
2
X(:) =1 xf_ Xé =Y xi
G o
i = _&. = = :
Xy
___..xén _mi G ki ke = & (s)
Geneval solution of (B is
1 (2)
%y (E) = X(i) cos (ot + ¢1) + Ky cos (W, t + ¢2) (€

x,(8) = vy X(:) cos(oit + ) + 4 x(f’ cos (Wt + &)

) sz) , Py and 952 can be gcou.no' using Eas.(5.18).

‘ 8 }
For mg=m, Y= 2m, k3= K a.nc’ 'kzz 2%, (E;) gives

w§=(2+ )k

where X

(E4)

oi=@-H)x ,

Base
7
kq
m
l x(?)
ky
" | x{t)
FIGURE 5.24



5.6 Setupthe differential equations of motion for the double pendulum shown in Fig. 5.25, using

the coordinates x; and x, and assuming small amplitudes. Find the natural frequencies, the

ratios of amplitudes, and the locations of nodes for the two modes of vibration when
m =my =mand{, =1, =1L

Ta«Kinj moments abosut 0 and mass m, ,

! 112 51 = = Wy (£, sin 8,) +Q sin 8, (L, cos 1)
- Q cos 62 (Qi Sin ei>
= -wilso 4wy £y (o,-0,) (E1)
O.SSuming QW
225 o 2 . |
M2%2 8 + myly (f16) = — W, £ &y @)
= - w?_ lqz 62 (Ez)
Using the relations o, = % and o = %2z %1
Egs: (E1) and (B2) become - £
x L1+ L2 w, L4
m‘-li xi + [wi+ WZ(—lz—)] xqy - zﬂl X, = O (EZ>
\u?} QZ ‘X.z — Wz x4 + Wz X, =0 (E4_>
When myg= Thy =1, lizxz':i Q,Y\J Ni—_- Wz:mj, E?/S-(Ea) a—hd
(E4) give .
mi 7'1',_ + 3mg Xy - mg Xy =0 (E;)
mix!.-m}xi+m} X, = o0
For harmonic motion x; () = X: cos wt ; i=12, Ezs-(Es>
become L
— wiml X1+3‘m3. Xi""‘j X, = o
E
_w“'-mﬂxz—m}xi_f_m}xz = o (s)

from which the frezucncy eguation can be obtained as
w4m2£2—<4m223-) w? + 2 ng,z =0
e ok, @ = (zxﬁ)—%—

Wy = 07654 \[% » W, = 1-8478 J—-‘?—

Ratio of amplitudes is given by Ep- (E¢) as

Xe _ ™9 s
X _wzmz+am; - (_(32_1_ +3>
7
In J 1, W, = - 765 ¥ 9
mode 1= 07654 f_;_ Ty <fi>(> PAPPY
Ne node. 2

In mode 2, w,= 1-8478 f? ,
(2) £
Y= <3(_.i_> = ~2:4133
Xz

one node located at 3:
2 i=F

i 2:4133 .




57 Determine the natural modes of the system shown i Fig. 5.26 when ky = ky = ky = &.

FIGURE 5.26

Let Ry, R, and R; be the restoring forces
in Springs. Epuations of motion of mass m
in x and Y directions are

mx = 3F'R, cos (=))
=14
0 3 -
my = Z R‘: sin Q(; (E;_)
c=4 +*
where R;= — ®; ( * cos & + ¥ sin 0(;) (E;) ?
Egs- (E1) to (E3) 9give |
- 3
m x -+ Zk;_ (x Ca$2°(; + & S"'\O(;C.dgo(;_) = O (E")
L4=1
o 3
mY+ = Kk (x sine; s X, + % anz°(‘-> = 0 (Es5)
<=1

For o = 45°, o= 135°, 3= 270" and *,= k= %; = k, Eps ()

and (Es5) reduce to %
mx + k2 =0 (E¢)

mY+2kY =o0 (E7)
These egua.h‘ons are u.ncou_]oLecl- For harmonic motion,

x(£) = X cos (wWt+2), Y@= Y cos (st +6), and  dence
W34 = Jg for wmotion m x direction |
W, = ’Zk for motion in Y direction
™
Natural modes ave given by <) = X ws(\g‘ t + ?51)
)= ¥ o8 <\J'171<‘ t+ %)

where X, $g5 Y and ¢, can be determined From initial conditions.




5.8

A machine tool, having a mass of m = 1000 kg and a mass moment of inertia of
Jo = 300 kg- m?, is supported on elastic supports, as shown in Fig. 5.27. If the stiffnesses of
the supports are given by k; = 3000 N/mm and k5, = 2000 N/mm, and the supports are

located at /; = 0.5 m and /, = 0.8 m, find the natural frequencies and mode shapes of the
machine tool.

l = 0 [

?m,.lo
K %,
|r. 4 L 7‘
FIGURE 5.27
LlL bl
Ezu.a.‘l:fons of wotion n terms N %
of % and ©: . 2
‘ = N T
max+ k(x-L8) + Ky (x+ £,0) =0 (g) R
% 6 -1, (x=L,8)+ k£, (x+ 1,6) Ky kz%
=0 E
For £ree vibration, ( z) % J ”j”
x(t) = X cos(wt+g) (€3) \4— ’qi | Ly g

O(t) = ® cos(wt+8) (&)
and Egs-(E.) ard (Ep) become

= (x4~ k127_> —JQC‘SL-'*' %, 8,5+ ®, L2 ® e

Freauencg egu.a.tton is

2
—mW + K+ kK, — (12 — %, 22) (E>
=0
2 3
_Ckll‘—k?—’qz) —J;cal-k-k, Z, -+ 4:2127'
(€5
2
- 9"+ 5000 100 5
joo — 0.3 w?'+ 2030
|'-€‘, &
o-3c.94—3530 W + lo+l4 x 10 = O
L
€ s%= ¢785.3373 , 4981-3293
w, = 70.5785 rad/fsec , €9, = 82-3732 rad/fsec
Mode shapes:
(—IOOO c.glz-‘- 5x(oG)X+ o-(xlo6 @ = o
r XI — O+l X 10
2 = = = —5.3476
@ G, — (ooo C-S,z+ 5x (of
o.nd 6
X — O X IO
——‘ = = o.05¢60I
@ las,

2 e
—tooo 9, + 5 x o




5.31 Two identical pendulums, each with mass m and length /, are connected by a spring of stiff-
ness & at a distance d from the fixed end, as shown in Fig. 5.35.
a. Derive the equations of motion of the two masses.
b. Find the natural frequencies and mode shapes of the system.
c. Find the free-vibration response of the system for the initial conditions 6,(0) = a,
65(0) = 0, 0 (0) =0, and 62(0) = 0.
d. Determine the condition(s) under which the system exhibits a beating phenomenon.

)(oa) Ezlua,h‘ons of motion:

Assume: g,, 0, are small.

Moment e&uil.‘erum '§»3ua.h'o.—,5
of the two masses about

Pand & : _

mil .6.,+mg16,+ * dz(s‘_ z)'-’
(1)

mf 62+m5167_—ka( (e. ea)—o
(2>

(b) Natural freguencies and

mode shapes:

Assume: Harmonic motion with fod (-5

0,(t) = @ cos (Wt -4); i= 1, 7.) | l

(3

where &, and ®, are z ’ l [Sl.het
a.mF‘.\{:uJes of e, a—hat 92; jmxel xiez
TESre.ClHVelji @ is the ¥ Al l’ i l/
natural freguency, and ¢ "7 7
is the }o(na,se a—haf.e» Free boc@j J:‘maram

Using Eg- (3), Egs. (1) and (2) can
be EXPr‘eisea‘ m matrix :Form as

ol e{;ﬂ o [l il flo
"e—v-kenc,j T

Q9m£+mjx+k‘12 ~ted” i
—kd” ctn 05t mg ft ted”
or 5
wq_@z(g__f_ = (? + __2’_1}_;_{—) =B (5)
Selution of Ez (s) 9!V€9
o = ’% ;= % F mfz 6



By substituting for W and @F into Ep. (4), we obtain

(2)%c w {317 fpel

|

(2) o
2 T M T

Thus the motion of the masses in the Two modes is given by
(1) (l) oM
¢ ('k) = ) = ®, { 1 } cos (@t + ¢l> (7)
z,)(f) 1

— )
5% ) = {af N P {—‘l } cos (@, t t4,) Lz
62(7') D)

(¢) Free vibration response:

ond

Using [fnear superposition of natural mac[es, the free vibration
response of the gyg{:em is glven By

e)=c, 8 ()+ 8@ ()

(9)
By choosing ¢, = cq = (, with no loss of generality , Egs.
(1) t ) éea,d to
e,(t) = @, )os (18,t +8)) + @. ) cos (6t + @2) (19)
0,(t) = @ cos (.t +8) — @) cos (w,t + P2) )

where @), 95,,@‘(2) and @, are constanbts t be determined
fLrom the initial conditions. \Then ©,(0)= a, o,()=0,

g,(o): (o] a-h.c‘g é (0) 0 .» Egs-(;o) a,nJ (H) j[e,[ot

o = @f')w5¢ + @ cos g,

g = @.(') oS ¢, — @:.2') cos ¢, 1 an
6 = — 0, @ sio g~ 3, B sin @y f

0 = -, 0 sing + 00,0 sin g,

Egs- (12) con be solved for @
9|(.‘:)= o Cos C%—_QS.’ +

3 ¢I9 @)(L> G-no‘ ¢2 "{—O ot:hu'n

. cos C‘S'Z_‘;c_"’;'t

! (13)
O, ()= o sin 092-—2&5', t. sin w?—‘:w\ t f
(J) Condifions fof‘ bea«‘tfnj—: Q
4 hud | 14)
W"uen —7'-:-1—2- << % or K, << 2‘12 5 (

the two :f-re?/uency components n Egs- (13), na.melg,

= (7
u a.\’\J a—s-%——l » Caun l:')e %f'f‘d)(\‘ﬁ'\d—teJ ab

AZ
= Y21 o _f_‘.
2 2m

(s>

:
NP

=

Es (492+ 9 \/—' i_ \[_3_ @,

This implies that the motions of the Fen&u[ums are
3RV€h bbl

Gl(t) ~ o Co0$% ,n_,‘t- cos S, 2

an
0,(t) 2 a sin.2,t. sin Sigk f

This metion , Egs- (17), denotes beating Fhenomenon




Section 5.4 Torsional System
5.36 Determine the natural frequencies and normal modes of the torsional system shown in

Fig. 5.38 for k,y = 2k, and J, = 2J,.

Jy
Ji
% kn @ ktz@

FIGURE 5.38

@ with Kiga = Ko kf.’»z: 2 k{_-' g = J;, J‘2=2€7; ,’k*’:o and mf,:' My =0,

Egs- (5.20) give .
b0 + 3KkKpo, —2% 6, =o

23 6,-2%9 +2%k 8 =0

FOI‘ 4\a.rmam'c Sa‘uh’On, e‘:(t) - ®£ w{(@f+¢) ; a= 1,2 5

(-6 T, + 3%y -1k ] = by
crivieol o) (o]

| -2 Ky
Freguency eﬂmifo'n 7
- 48 Ky

| —2%¢

S T = *t [%
A —-(2+ﬁ>_33_ > W@y = 0.5176 Xe A= (12319 =
i %

—2%k:

: = 2 9,
—2 68T, + 2Ky °

Q .
o BL . pR IR 1366
i f” 2 ¢

(2) _ .
= P, “ e +E8 _ _pag0

e 2kt node —

First meode




5.37 Determine the natural frequencies of the system shown in Fig. 5.39 by assuming that the rope

passing over the cylinder does not slip.

I EC)
e v
FIGURE 5.39
Ezuai:wn of motion of mass m: mx = -k, (x-180) (-
Ez/uamz’n O'% molion ::5fmaler of
mass m, and ’ma<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>